Help With Slopes
Geometric Determination of Slope
The purpose of this effort is to help you understand slopes and why they are so important to a good understanding of international trade theory.  First it is important to keep in mind what a slope is.  It is simple a ratio of changes.  In high school you were probably taught that slope is rise/run.  That definition is good enough for our class as long as you have a good understanding of what it means and how to derive it geometrically.  So, let’s start with the slope of a straight line.  Take the graph below:


[image: image1]  

The simple geometric method of calculating the slope of a straight line is to:


1. Select two points on the line.  [On the graph above the two points occur where the dotted lines touch the solid line.]

2.  Form a right triangle with the line (whose slope is being measured) as the hypotenuse of the triangle. [The dotted lines on the graph above form the two “legs” of the right triangle.]

3. Form a ratio of the two “legs” of the right triangle.  [In the graph above this ratio would be ∆Y/∆X.]  

In the graph above, ∆Y is clearly longer than ∆X.  Also, as X increases it is clear that Y also increases.  So, as a first approximation it should be clear that the slope is a positive number that is larger than 1. [This assumes that the unit of measurement on the vertical axis is the same as on the horizontal axis.]   If you use a ruler, you will find that ∆Y is about 1/3 longer than ∆X.  So, a closer approximation is that the slope of this line is 1.333.  This method will always work for straight lines. [Of course if different units of measurement are used on each axis, appropriate adjustments would have to be made.]
So, what if you need to approximate the slope of a curve (as we frequently do in this class)?  The easiest way to do this is to convert the curve to a straight line and then apply the method described above to calculate the slope of the straight line.  So, how does one convert a curve to a straight line?  All you have to do is construct a straight line that touches the curve at a single point (this straight line is called a tangent line and the point where the two touch is called a tangency).  
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On the graph above, we are trying to measure the slope of the curve at the point where the curve touches the dashed line (the dashed line is the tangent line).  Once the tangent line is constructed, all you have to do is form the right triangle with the tangent line as its hypotenuse.  Then just form the ratio of the two legs.  In this case the ratio, ∆Y/∆X, is negative because as X increases, Y decreases and vice versa.  A clever student might recognize that the easiest right triangle to use in this case is the one formed by the two axes.  Once you have a straight line (the tangent line), it doesn’t matter which two points are chosen for the formation of the right triangle.  All right triangles with a common hypotenuse are “similar.”  So, the ratios of their legs are identical.  In this case the slope of the curve at the point where the tangency occurs is approximately (although not quite) -1.  Each time X increases by one unit Y decreases by one unit.  These geometric methods will always work for finding slopes!  
Interpretation of Slope: Specifically Slopes of Production Possibilities Curves

Now that we can calculate the slope we need to be able to interpret it.  A slope is a quotient.  If you can interpret a simple quotient, you can interpret a slope.  So, let’s think back to the first time you studied division.  You probably calculated a problem like this. Suppose you have 100 apples to distribute to 50 people.  
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In other words, the reason for using division is to get a result that is expressed in single units of the denominator.  The only thing that is different about the slope is that both the numerator and the denominator are in ∆ form.  So, for example, the slope calculation:
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Now let’s suppose we have the production possibilities curve illustrated below.
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If we calculate the slope of the PPC at the tangency labeled 1 above we will get the following result:
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This is clearly the real (opportunity) cost of Good B [this can also be called the price of good B] because it tells us exactly the amount that Good A will change if we decide to either increase or decrease production of Good B by one unit.  If we want to know the cost of Good A, we just take the inverse of the above.

Slopes and Indifference Curves
So, what about the slope of an indifference curve?  The slope calculation is made the same way.  At the point where the calculation is to be made, a tangent line is drawn, a right triangle is formed and the ratio of the two legs is taken.
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The calculation is the same as the slope of the PPC but the interpretation changes a little.  The slope of the PPC tells you how much of one good a nation must sacrifice in order to increase the production of another good [in other words the slope of the PPC tells you the price of the good].  The slope of the indifference curve tells you how much a nation would be willing to sacrifice in order to increase the other good [Sometimes this is referred to as willingness to pay].  So, an equilibrium occurs where the willingness to sacrifice is equal to the required sacrifice.
Another way of explaining it is that the slope of the PPC tells us the about the ability of the nation to exchange one good for the other while the slope of the indifference curve tells us about the willingness to exchange one good for the other.

A Few Additional Notes About Indifference Curves
Properties of Indifference Curves

1. They must be drawn convex to the origin.

2. They are infinite in number. [In other words, they cover space because every combination of goods provides some amount of utility.]

3. Movements away from the origin in a northeasterly direction involve increases in well-being.
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